
The fun of calculating the trajectory of a ball—and all from scratch! We begin here:

Given vi and θ​i, we get, easily: vx(t) = vi  cos θ​i and vy(t) = vi  sin θ​i  – gt, where g is  acceleration due to gravity and t is time elapsed. Integrating these two functions, we find x(t) = vi cos θ​i t and       y(t) = vi  sin θ​i t – ½gt2. We can then solve for t in terms of x: t = x/(vi cos θ​i), and then substitute into y(t) to get y in terms of x (the equation which describes the ball’s trajectory):
y = vi  sin θ​i  x/(vi cos θ​i) – ½g(x/(vi cos θ​i))2 = x tan θ​i – gx2/(2vi2 cos2 θ​i)   
(1)
θ(t) is also easily derived:  tan θ = vy/vx (as can be seen from the diagram), so                          θ(t) = tan-1 (vy/vx) = tan-1 ((vi  sin θ​i  – gt)/(vi  cos θ​i)); and substituting in t = x/(vi cos θ​i), we get 
θ​ = tan-1 ((vi  sin θ​i)/(vi  cos θ​i) – gx/(vi  cos θ​i)2) = tan-1 (tan θ​i – gx/(vi2  cos2 θ​i))            (2)
    
More complicated is the derivation of x in terms of y, which necessitates solving the quadratic: proceeding from y = x tan θ​i – gx2/(2vi2 cos2 θ​i), we rearrange to get gx2/(2vi2 cos2 θ​i) – x tan θ​i + y = 0. Multiplying both sides by cos2 θ​i—thanks be to zero!—we simplify things slightly:
         gx2/(2vi2) – (x tan θ​i)(cos2 θ​i) + (cos2 θ​i)y = gx2/(2vi2) – x sin θ​i cos θ​i + y cos2 θ​i = 0. Now we can apply the quadratic formula:
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The above equations are the basis for our further explorations. These will be added later as time progresses.
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Diagram of a shot. The ball is launched (at x=y=0) with initial speed vi and angle θi (giving the component vectors vx—horizontal  speed—and vy—vertical speed). At time t, the ball is at the point (x(t),y(t)), with speed v(t) and angle θ(t). The ball reaches its target at distance d and height h from the shooting mechanism, traveling with speed vf and at angle θf.
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